Abstract CRSP+ Databases
Incomplete.

Let D be a CRSP+ database.

Pricing

For any pair of integers P,[dZ, we will say thaD prices P on dif and only if the set {|R.prc| | R is a
record in D’s Price table where R.permm® and R.date d} contains exactly one non-zero numerical
value, which we calD’s price for P on d. Note that by this definition, D may price Pa®even if there
is more than one record, R, in D’s prices tablerelie permna= P and R.date d, so long as P’s price
itself on d is unambiguous when numerical signsgmered.

If S O Z, we will say thaD prices P in Sif and only if there exists at least onél& such that D prices P
on d. Likewise, we will say th@ does not price P in Sf and only if there exists nold S such that D
prices P on d.

Market Dates and Market Intervals

DefineM, the set of market dates in Dto be the set of all integers<m < 99991231 for which there
exists at least 100 integers, P, such that D pRces m. Definél*, the extended market dates in Dto
be the seM [ {0, 99991231}. OrdeM* by the ordering it inherits as a subset of tHegers. Sinc®I*
is a finite ordered set, the set-functions maxmitare well-defined on the nonempty subsetslbf

If a and b are extended market dates in D, define

[a, b]={m OM* | asm< b}
[a, b)={m OM* | as<s m<b}
(@, b]={m OM*|a<m< b}
(@, b)={m OM* |a<m<b}

If the subset [0 M* can be expressed in one of these four forms (aadorm will usuallynot be
unique), then | is said to be artended market interval in D. An extended market interval | is defined
to be amarket interval in D if and only if 100 M.

Note that extended market intervals of type (2) @)dannot include 99991231, while those of type (
and (4) cannot include 0. Those of type (4) theeetontain neither 99991231 nor 0 and are thuaysw
market intervals in D, even if a or b is in {0, ®4231}.

For each niJ M* definem + 1 =min( (m, 99991231[1 {99991231} ) andn — 1 = max( [0, m)U {0} ).
Note that by this definition, 999912311 = 99991231 and 6 1 =0. These “increment” and
“decrement” operations thus defined are consistéthtthe ordering ofM* in the sense that the
following properties, which should be obvious, hold

1. 1fx<99991231 then x x + 1.
2. lfx>0thenx>x-1.



3. Ify>xtheny=x+1.
4. Ify<xtheny<x-—1.

The following lemma merely states a property of éinige ordered set. While versions of this lemana
true with any of the four interval representatiisted above, we state and prove only one of thethube
the others without mention:

Lemma 1: If [a, b) and [c, d) are extended market intesvalD, then [a, bh [c, d)=[max(a, c), min(b,
d)), which is empty if max(a, & min(b, d).

Proof: [a, b)n [c,d)={x OM* |asx<bandxx<d}={x OM*|asxand < x} n {x O
M* | x <band x< d} ={x O M* | max(a, ck x} n {x O M* | x <min(b, d)}={x OM* | max(a,
¢) < x and x< min(b, d)}=[max(a, c), min(b, d)).

“Cash” Data
If D prices the integer O i, then for each d M where D does not price 0 on d,

1. Setd=max({mO M | m<d and D prices 0 on ni {min({m O M | D prices 0 on m})}).

2. Delete all records, R, in D’s prices table witlpermno= 0 and R.date d.

3. Add exactly one record, R, to D’s prices tabithwR.permno= 0, R.date=d, and R.pr& p,
where p is D’s price for 0 on d'.

If D does not price 0 ifVl, then for each @ M, add exactly one record, R, to D’s prices tablégwi
R.permno= 0, R.date= d, and R.pre 1.

In either case, we have ensured that D pricestieger O (used to store performance history on cash
investments) on every market date in D. Finaltid exactly one record, R, to D’s Header tablejragtt
R.permno= 0 and R.permce 0.

Permno’s and Permco’s

DefineP, the set of permno’s in D to be the set of all integers, P, appearing éfigld permno of D’s
Header table and having the property that D prites d for some market datéldVl. DefineC, the set
of permco’s in D, to be the set of all integers, C, such that tleersts a record, R, in D’s Header table
with R.permco= C and R.permnal P. Note that the last section guarantees thag®and 0] C. The
following axiom concerning D’s Header table mustelapirically verified:

Axiom 1: For each PJ P there exists exactly one record R in D’'s Headeletavith R.permna= P.

Define the functiorpermco: P +— C, D’s permco function, as follows: For each B P, let permco(P¥
R.permco, where R is the record (unique by Axiorwhgre R.permne P.



The 1t Mapping

Definett P x M* — M* (wherertis for “previous”) by

(P, d)= max({x O M* | x < d and D prices P on x}Jl {0})

for each (P, d)J P x M*. In other words, given an extended market datg®, d — 1) is the “previous”
extended market date on which D prices P, if onstgxor else 0.

The following proposition lists some useful propestof thert mapping:

Proposition 2: For all (P, d)J P x M* and x, y[J M*:

ok whE

Either D prices P or(P, x) orr(P, x)= 0.
x=T1(P, X)= (P, x — 1).

x=T1(P, X) if and only if x= 0 or D prices P on x.
x=1(P, x — 1) if and only if x 0.

If y<x and D prices P on y themyr(P, x).

D does not price P imi(P, x — 1), X).

Proof: For each dl M* define Ay={m O M* | m< d and D prices P on m} {0}. By
definition, then; (P, d)= max(Ay). Fix any x(O M*.

Property (1) follows becauseg Aeing a finite set, always contains its maximu(®, x). The

first inequality in (2) follows becausexy for all y 0 Ax andti(P, x) [0 Ax. The second half of (2)
follows because ALl A,-; and because the max function decreases as ianjulecreases. (5)
merely asserts that ify A; then max(4) =y, which is trivial.

Note that (3) simply asserts thatxq(P, x) if and only if X Ay. If x = (P, X) then xJ A,
follows from (1). Conversely if XI A; thenti(P, X)= max(A) = X, which, combined with (2)
impliesT(P, X)= X.

For (4), if x=0 then x=1(P, x — 1) follows from (2). Assumexti(P, x — 1), that is, x
max(Ax-1). This implies X Ax-1. But x< x—1 only if x=0.

If x >y and D prices P ony, then (5) imple®, x — 1> y. Hence (6).

Reconciling the Event Tables withM*

Before proceeding, some modifications to D may éeessary to make its event data consistentMith
our (extended) calendar of valid market dates dedifrom D’s Price table. To do so, we will need th
following funciton: Define

U: Z +— M* by u(x) = min({m O M* | x < m} 0 {99991231}) for all x(I Z.

In words,u takes any integer x and moves it “up” (in the gilative sense, not in the colloquial sense of
moving dates “up” on the calendar) to the nextroéel market date, if it isn’t one already, and nrefix
otherwise.



Step 1: Within each of the five fields in D listed belomeplace any values that are not integers greater
than zero with the value 99991231

[Distributions].exdt
[Delistings].dlIstdt
[Delistings].nextdt
[Names].namedt
[Shares].shrsdt

Step 2: Within each of the four fields listed below, rapé any field value d (which is a positive integer
as of Step 1) whereld M* with the valueu(d):

[Distributions].exdt
[Delistings].nextdt
[Names].namedt
[Shares].shrsdt

Step 3: Add one record, R, to D’s Delistings table, sefti

R.permno= 0

R.dlIstdt= max (M)
R.dIstcd= 100
R.nwperm= R.nwcomp=0
R.nextdt= 99991231
R.dlprc=0

R.dlret=-88

Step 4: For each record, R, in D’s Delistings table witlllBtdt= max1I), reset R.dlIstdt T{(R.permno,
maxM)).

Step 5: For each distinct (P, d) P x M such that
1. there exists a record, R, in D’s Names tablé Wit R.permno, & T(R.permno, R.namedt — 1),
and R.exchce 0, but
2. there exists no record, R, in D’s Delisting éabiith R.permne P and R.dIstdt d,
add exactly one record, S, to D’s Delistings tabédting

S.permnc= P

S.dIstdt=d

S.dlIstcd= 800
S.nwperm= S.nwcomp= 0
S.nextdt= 99991231
S.dlprc=0

S.dlret=-55

Delisting Dates and Trailer Periods



Having made the modifications in the last sectiomarket date d is defined to bdelisting datefor P

0 P if there exists a record, R, in D’s Delistingsléaith R.permnag= P and R.dIstdt d. Thus by Step

3 of the previous section, for example, mdX(s a delisting date for 0. The following fouriams
regarding delisting dates, which should now holdaioy CRSP+ database, must be empirically verified:

Axiom 2: maxM) is O’s only delisting date.
Axiom 3: If d is a delisting date for P, then D prices Pddout not on & 1.
Axiom 4: If D prices P on x then there exists a delistdate d for P such thatxd.

Axiom 5: The pair of fields (permno, distdt) forms a key D’s Delistings table.

An extended market interval (d, b] igrailer period for P if
1. dis a delisting date for P,
2. D does not price P in (d, b], and
3. either D prices P onb1 or b=99991231.

Note that by Axiom 2, (ma®(), 99991231} {99991231} is O’s only trailer period.

Proposition 3: Distinct trailer periods for P are disjoint.

Proof: Suppose (d, b] and (d', b'] are two trailer pesifor P containing x. Then since D prices P
on both &k x and d< x, Proposition 2.5 implies d (P, x)< x and d< m(P, x)< x. But since D
prices P in neither (d, x] nor (d', x], it followlsat d= (P, x)=d".

If b <b'then ¥ 99991231, meaning D prices P or h. But b+ 1< b', which implies, since d

d', that b+ 1 [0 (d', b"], a contradiction. Thus=b'. The same argument, only with (d, bl and (d,
b] reversed, proves B'b. Hence = b'. We have thus shown that intersecting trgaégrods for

P are identical, which completes the proof.

LetLp be the set of delisting dates for P andlebe the set of trailer periods for P. There istural
mappingAp: Tp— Lp (abbreviated: T — L when the context of a fixed[PP is clear) given by ( (d,
b] ) =d for each (d, b[J T.

Proposition 4: The mapping\ from T, the set of trailer periods for P, to Letbet of delisting dates for P,
given byA( (d, b] )=d for all (d, b]I T, is a bijection.

Proof: Supposea( (d, b] )=a=A((d", b']), thatis, & a=d'. Then both (d, b] and (d', b'] contain
a+ 1, so by Proposition 3, (d, b](d', b’]. Thus\ is injective.

To prove thah is surjective, let d be any delisting date fomid &t E={x O M | x>d and D
prices P on x}.



If E#0, let b=min(E) — 1. Then D prices P onHil. By Axiom 4, D does not price P onrd,,
sod+1<min(E)=b+ 1, hence & b. Clearly D does not price P in (d, b], so ltdws that (d,
b] is a trailer period for P and thaet (d, b] )=d.

If, on the other hand, E1, let b=99991231. Then D does not price P in (d, b],thod (d, b] is
a trailer period for P such thaf (d, b] )=d.

Ending Dates

A market date d is defined to be exrdividend datefor PO P if there exists a record in D's
Distributions table with permne P, exdt= d, divamt> 0, and distc& 1000. Note that by definition, ex-
dividend dates cannot be 0 or 99991231.

Add a new field to D’s Delistings table calledddt (for “ending date”) and set its values as follows:

For each record, S, in D’s Delistings table, mdiesfollowing modifications to D’s event tables: tlR=
S.permno, & S.distdt, and (d, b} A\p "(d), where the mappinkp: Tp— Lp is as defined in Proposition
4. Let p be D’s price for P on d, which is guaest to exist by Axiom 3.

If S.nextdt[] (d, b], S.nextdk 99991231, and S.dlprc is a numerical value, then

1. Set S.enddt nextdt.
2. Add exactly one new record, R, to D’s Distriont table, setting

R.permno= P
R.distcd= S.dIstcd
R.divamt= |S.dlprc|
R.exdt= S.enddt

and all remaining fields in R equal to zero.
Otherwise, let X={x 0 (d, b] | x is an ex-dividend date for P}.

If X =0 then
1. Set S.enddtd+ 1 (which could be 99991231).
2. Add add exactly one new record, R, to D’s Digttions table, setting

R.permno= P
R.distcd= -1 [S.dlstcd
0 if S.dlre=- 1

0.7 if S.dlretz — 1 and either
50 S.dIstcd 600 ordstcd=800
1 othewise

R.divamt= p

R.exdt=d+1
and all remaining fields in R equal to zero.

Otherwise, set S.enddtmax(X).



Recall that valid distribution codes (as definedd3SP) are four-digit positive integers, wheredglva
delisting codes are three-digit positive integerbus, the addition of records to the Distributidaisie in
the above procedure is easily reversible. Fos#me reasons, the addition of these records haSetd
on the identification of ex-dividend dates as dedirat the beginning of this section.

After populating the enddt field of D’s Delistintgble, we define, for each fixeddPP, a mappinge: L p
— M* as follows: For eachd Lp, Axiom 5 assures the existence of exactly onercgd®, in D’s
Delistings table with R.permnoP and R.dIstdt d. We may therefore defirge(d) = R.enddt.

An extended market date e is defined to berating datefor P if and only if e= ep(d) for some delisting
date d for P, or equivalently, if and only if thenasts a record in D’s Delistings table with peoanP
and enddt e. LetEp denote the set of ending dafesP, that is, the range of the mappéapg As with
the mapping\p: Tp— Lp, Which we abbreviate with: T — L when the context of a fixed [P P is clear,
we will abbreviate the mappirsg: Lp+— Ep ase: L — E in the same context.

Note that by the procedure aboeg) always falls within the trailer period*(d) for any dOJ L. Since
the mapping\* is injective (Proposition 4), and since distineiler periods for P are disjoint
(Proposition 3), this implies thatis injective. The ending dates for P are by d&din the range o, so

it follows thate is surjective as a mapping to P’s ending datdsisg: L — E is a bijection. Finally, note
that since (max{l), 99991231 {99991231} is O’s only trailer period, 99991231itis only ending date.

Proposition 5: Fix PO P and let T be the set of P’s trailer periods, Lskeof P’s delisting dates, and E
the set of P’s ending dates. There exist uniquepmgs
1. A: T Lsuchthai((d, b] )=d for each (d, b] in T.
2. & L~ E such that, for eachld L, €(d) = R.enddt where R is the unique record in D’s Dielggst
table where R.permmo P and R.dIstdt d.
3. T. E+ T such that €] 1(e) for each él E.
Furthermore, these mappings are all bijections.

Proof: Simply letA be the bijection defined in Proposition 4 ancelbe the mapping used to
define P’s ending dates, which was shown to bgeatimn in the remarks following its definition.
A ande then satisfy (1) and (2), respectively, by defamt We may then defime E— T byt =

(e o A)%, which is a bijection. If & E thent(e)= (€ o A\) (€)= A" (¢ (e)) contains e because, as
was noted above,(d) always contains(d) for all d00 L. Thust satisfies (3).

Suppose\: T— L, €: L — E, andt: E— T are mappings satisfying (1) through (3), respebt.
Then (1) and (2) make it clear that= A ande' = €. Since (3) implies that(@ 1(e) and €1 1'(e)
for each €1 E, Proposition 3 implies thate) = 1'(e) for all el] E, and thus that=T1". This
completes the proof.

To summarize, specifying one of either a traileiquk a delisting date or an ending date unambiglyou
specifies all three in a natural way. The nexbliary lists some useful properties of the mappings
defined in Proposition 5:

Corollary 6: For a fixed F1 P, withA: T— L, & L— E, andt: E— T as in Proposition 5:



1.
2.

Each trailer period for P contains only one egdiate for P.
D does not price P on its ending dates.

IfdOL,edE, and k e, then

©NOo O AW

d<e(d)<e.

(d,&(d)] O A7Y(d)

d<e(e)<e

€7(e), eld 1(e)

(P, x)=d for all xO A™%(d)

If 9999123101 E thene (99991231 max(M).

Proof: Suppose (d, dl Tand e1E n (d, b]. Then &Jt(e). Since intersecting trailer periods
for P are identical, it follows thate) = (d, b], and hence thatet™( (d, b] ). Thus™( (d, b] ) is
the only ending date for P contained in (d, b],chhproves (1).

If e O E then &1 1(e). Since D does not price P in its trailer pasio(2) follows.

Suppose dI L, e E, and &k e. Let (d, b A™(d). Sincee(d) falls withinA™(d) = (d, b], (4)
immediately follows, as does the fact that €(d) for all dOJ L. By (1),&(d) is the only ending
date for P contained in (d, B] (d, &(d)], so (3) follows.

(5) and (6) now follow from (3) and (4): Letde ™ (e) and e= g(d). By (3), d< g(d'), implying
e'(e)<e. (4)implies thate(}(e), e]= (d',&(d")] DA (d") = (€ o A\) (e) = T(e), where we have
used the definitiom = (€ o A)™* from the proof of Proposition 5. Sintg) O (¢”}(e), e] contains
no delisting dates for P, the rest of (5) follows.

Suppose XJA™Y(d). Since D prices P on d ancc, Proposition 2.5 implies d (P, x). Thus by
Proposition 2.1 and 2.2, D prices PT{®, x)< x. But since D does not price P in (d,5\ (d)
we concludet(P, x)= d, which proves (7).

To prove (8), assume 99991231 and let d= £ %(99991231). Let R be the record in D’s
Delisting table with R.permna P and R.enddt 99991231. If R.nextdil (d, 99991231), then by
definition we would have(d) = R.nextdt, a contradiction. Likewise, if (d, 99231) contained
ex-dividend dates for P, thefd) would equal their maximum, also a contradictidkie must
therefore conclude that 9999123%(d) = d + 1, and hence that=xlmax).

Starting Dates

Fix any P P. Let L be the set of P’s delisting dates, E #teo P’s ending dates, and T the set of P’s
trailer periods. Leh, €, andt be defined according to Proposition 5.

Definev: P x M* +— M* (wherev is for “next”) by

v(P, d)=min({x 0 M* | x = d and either D prices P on X[ XE, or x=99991231})

for each (P, d)J P x M*. In other words, given an extended market daig®, d+ 1) is the “next”
extended market date that is either an endingfdat®, a market date on which D prices P, or simply
99991231—whichever comes first.



The next proposition lists some properties dhat will be useful later:

Proposition 7: For any P11 P and x, ylJ M*,

©CoNoOh~wWNE

Either D prices P on(P, x),v(P, x)O E, orv(P, x)= 99991231

x<V(P, x)<v(P, x+ 1)

x=V(P, x) if and only if either D prices P on X[ XE, or x=99991231
x=V(P, x+ 1) if and only if x=99991231

If x <y and either D prices P on y[yE, or y=99991231, thern(P, x)<.
If x<y<v(P, x) thern(P, X)=Vv(P, y).

D does not price P in (»(P, x+ 1)).

If x <99991231 then (y(P, x+1))n E=0.

If dO L thenv(P, d+ 1) = g(d).

10 If x=0 or x E, then either D prices P ®(P, x+ 1) orv(P, x+ 1) =99991231.
11.v(P,v(P, x))=V(P, X).

Proof: For each dl M* define Ay={m O M* | m>d and either D prices P on m,[inE, or m=
99991231}. By definition, thery(P, d)= min(Ag). Fix any x[1 M*.

Property (1) follows becausgAeing a finite set, always contains its minimwii, x). The first
inequality in (2) follows becausey for all y[1 Ax andv(P, xX) [0 Ax. The second half of (2)
follows because A1 [0 Ax and the min function decreases as its argumerdgases. (5) merely
asserts that if Y1 A then min(A) <y, which is trivial.

Note that (3) simply asserts thatx (P, x) if and only if xd Ax. If x =v(P, X) then XJ A
follows from (1). Conversely if XI A, thenv(P, x)= min(Ay) < X, which, combined with (2)
impliesv(P, x)= x.

For (4), if x=99991231 then x v(P, x+ 1) follows from (2). Assume xVv(P, x+ 1), that is, x=
mMin(Ax+1). This implies XJ Ays1. But x= x + 1 only if x=99991231.

If x <y <v(P, x) then (1) applied to(P, x) and (5) applied togv(P, x) implyv(P, y)< v(P, x).
(2) implies x<x y<v(P, y). Thus (1) applied ta(P, y) and (5) applied toxv(P, y) implyv(P, x)
<V(P, y). Hence (6).

If x <y and D prices P ony, then (5) implg®, x+ 1)<y. Hence (7).
If x <99991231 and x el E, then (5) implies (P, x+ 1)< e. Hence (8).

For (9), note that if dI L then d< ¢(d) O E by Corollary 6.3. Thus (5) impliegP, d+ 1) < g(d).

(2) and (4) imply (since & 99991231) & v(P, d+ 1). Henceu(P, d+ 1) O (d, &(d)] O A~*(d) by
Corollary 6.4. Corollary 6.1, the fact that D doed price P in trailer periods, and (1) now imply
v(P, d+ 1) =¢(d).

To prove (10), assume, to obtain a contradictioat D does not price P aiP, x+ 1) <

99991231. By (1), it follows that(P, x+ 1)=ed E. By (4), x<e. By (7), D does not price P in
(x, e), and by Corollary 6.5,d&™(e)< e. Since D prices P on d, we must hawexd We have
shown that X1 [d, e), implying that %0 and, by Corollary 6.1 and 6.4, thaflX, which is the
contradiction we sought.



Property (11) follows from (1) and (3).

We are finally ready for the main definition ofglsection: A market date s is defined to Istaating
date for P if s=v(P, e+ 1), where €1{0} [0 E. Note the requirement that s be a market edteh
rules 99991231 out from being a starting date farfél also implies, by Proposition 7.4, that® Also
note that by Proposition 7.10, D always prices Rt®atarting dates, as we would like. Thus endiates
for P cannot be starting dates for P.

Note that since D prices 0 on every market dat® and since 99991231 is 0’s only ending da(é, 0+
1) =v(0, min(M)) = min(M) is O’s only starting date.
Tracking Periods

Fix any PO P. Let L be the set of P’s delisting dates, E #teo P’s ending dates, and T the set of P’s
trailer periods. Leh, €, andt be defined according to Proposition 5.

An extended market interval [s, e) is defined tab@cking period for P if
1. sis a starting date for P,
2. eis an ending date for P, and
3. (s, e) contains no ending dates for P.

Note thatM is 0’s only tracking period.

Proposition 8: If s is a starting date for P, then s — 1 doesoetiing to a tracking period for P.

Proof: By definition, s=v(P, x+ 1) for some X1 {0} [0 E. Suppose, to obtain a contradiction,
that s — 1 belongs to a tracking period [s', o By Proposition 7.7, D does not price P in (X,
s). Since D prices P on s' and& s, it follows that s£ x. But since x s — 1< e', we have X1 [s/,
e"), which is the desired contradiction, sinde {0} [J E.

Corollary 9: If [s, e) is a tracking period for P, then (scehtains no starting dates for P.
Proof: If (s, e) contained a starting date s' for Bntfs, e) would contain s' — 1, contradicting
Proposition 8.

Proposition 10: Distinct tracking periods for P are disjoint.
Proof: Suppose [s, e) and [s', e') are tracking periodB with nonempty intersection. Then by
Lemma 1, = max(s, s') is a starting date for P containedoith fs, €) and [s', e'). Since (s, €)

contains no starting dates for P, we must havesg But (s', €') contains no starting dates fadP,
g=s". Hencess'

10



Similarly, h=min(e, €") is an ending date for P contained ,je[# [s', €']. Since [s, e) contains
no ending dates for P,=he, and since [s', ') contains no ending dateB.fb=e'. Thus e e'.

Proposition 11:If D prices P on x then x belongs to a trackingguefor P (which is unique by the last
proposition).
Proof: By Axiom 4, there exists someldL such that>x d. Thus B={y 0 M* | x <y and y[
E} containse(d) > d and is thus nonempty, so let enin(B). Clearly x< e, ed E, and [x, en E
=0 (x O E because D prices P on x).
Let A= ([0, x) n E) 0 {0}. The set A is nonempty, so lettamax(A). Then & x, all {0} O E,
and (a, x)r E=0. Thus if we let s be the starting da{@, a+ 1), then since D prices P on x s
x by Proposition 7.5. Since<as it follows that [s, xn E=1[.

Therefore, since s is a starting date for B, &, and [s, e¥ [s, X) [ [X, €) contains no ending
dates for P, [s, e) is a tracking period for P aonhg x.

Miscellaneous Functions
Define the functiorprc: P x M — R as follows: Fix any (P, d)) P x M.
If d does not belong to a tracking period for Rtiset prc(P, d 0.

If d belongs to a tracking period [s, e) for P iy Proposition 2.51P, d)= s, and thus by
Proposition 2.1, D prices P atiP, d). Set prc(P, d) equal to D’s price for PngR, d).

Note that prc(P, & 0 if and only if d belongs to a tracking period Rx  The condition doa®t imply
that D prices P on d. Thus, contrary to what &sa might suggest, the “pricing function” can bedu
test whether d belongs to a tracking period fdouR not to test whether D prices P on d.

Before defining the next function, we need one naxiem:
Axiom 6: The pair of fields (permno, shrsdt) forms a kaelyd’'s Shares table.

With this axiom, we may define the functishrout: P x M — Z, D’s shares outstanding function as
follows: Fix any (P, d)J P x M.

If d does not belong to a tracking period for Pitket shrout(P, & 0.

If d belongs to a tracking period [s, e) for P et S={x [ [s, e) | there exists a record R in D’s
Shares table with R.permmsoP and R.shrsdt x}.

If [s, d] n S# [0 then set shrout(P, &)R.shrout where R is the record in D’s Shares table
with R.permno= P and R.shrsdt max([s, d]n S).
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If [s,d] n S=0 but (d, e)n S# [ then set shrout(P, ¢ R.shrout, where R is the record
in D’s Shares table with R.permad® and R.shrsdt min((d, e)n S).

Otherwise, set shrout(P, d)0.
Next, define the functiomval: P x M — R, D’s market value function, by

P
100,00C

mval(P, d)=L shrout(P, dj prc(P,Hj}

for all (P, d)O P x M, where the mapping: R — Z is the so-called “greatest integer function” deéin
byl xI=max({nCO Z | n< x}) for all x O R. Note that x +x |is x’s “remainder” upon division by 1,
which we use in the proof of the following:

Proposition 12 If (P1, di) and (B, d;) are elements dP x M where mval(k, d;) = mval(R, &), then R
= Pz.
Proof: Observe that & P / 100,00G< 1 for all PO P. Thus R/ 100,000= mval(R, d;) —!
mval(P, d) |= mval(R, &) —L mval(R, d;) | =P,/ 100,000, which implies;P= P..
This proposition implies that any collection of pero’s in D has a unique member with the largest

market value on a given date, if only becauseitiegie market value are broken by sorting on permn

Define the functioomcap: C x M — R, D’s market capitalization function, by

mcap(C, dF > mval(Q, c
QUP,
permco(Q)= C

for all (C, d)J C x M.

In other words, mcap(C, d) is the sum of the mavkéies on d over all active permno’s in D whose
permco is equal to C (the contribution to the suomfpermno’s that are not trading will be insigceint).
The summation is required to account for all of @sious share classes that might be trading on d i
order to get a get a figure that comes closestddull market capitalization in the usual sen®&te that

if C is a foreign company whose only security tichdethe US is an ADR, mcap will greatly understate
the full market capitalization of C unless the CRfafa is supplemented appropriately.

Define the mappingrimno: C x M — P, D’s primary permno function, as follows: Fix any (C, d) C
x M. Let A={P OP | permco(P¥ C and D prices P onP, d)}.

If A =0 then define primno(C, &) 0.

Otherwise let n= min({v(P, d) | PO A}) and let B={P O A | v(P, d)=m}. Define primno(C, d)
to be the element of B with the largest market @ano m, which is unique by Proposition 12.

Note that by definition, D always prices primnof},onv(primno(C, d), d).
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The Branches Table
In this section we will add a new table called Braes to D in five chronological steps.

Step 1: Create a table in D called Branches by seleatihgecords from D’s Distributions table where
(exdt — 1) belongs to a tracking period for perntaking only the fields

permno
distcd (for “distribution code”)
divamt (for “dividend amount”)
facpr (for “factor to adjust price”)
exdt (for “ex-distribution date”)
acperm (for “acquiring permno”)
accomp (for “acquiring permco”)

and adding the following six new fields,

basdt (for “basis date”)
rsmdt (for “resumption date”)
rsmval (for “resumption value”)

bpermno (for “branch permno”)
bpermco (for “branch permco”)
brsmdt (for “branch resumption date”)

Step 2: For each record R in Branches such that 60B0distcd< 7000 and —k R.facpr< 0, make the
following modifications to Branches:

Add exactly one new record, R', to Branchesithatentical to R.
Reset R.distcd R.distcd+ 2000.

Reset R'.distcd R'.distcd+ 3000.

Reset R.divamt (R.divamt)(-R.facpr).

Reset R'.divamt 0.

Reset R.facpr 0.

Reset R'.acpermR'.accomp= 0.

Nogo,rwNhE

Note that after these modifications all recordBianches retain the property that (exdt — 1) beddoca
tracking period for permno.

Step 3: For each record R in Branches, set

R.basdt r(R.permno, R.exdt — 1)
R.rsmdt=v(R.permno, R.exdt)

Note that both of these values depend only on Riperand R.exdt.

Step 4: For each record R in Branches, set the valu&hyermno and R.bpermco using the following
procedure:
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1. Let P=R.permno, let G permco(P), let & R.exdt, and let [s, ) be the tracking periodHor
containing d — 1.

2. 1fd=99991231 then reset R.bpermm&.bpermca= 0 and exit the procedure. Otherwise reset
R.bpermno= R.acperm, reset R.bpermesdr.accomp, and proceed to Step 4.3.

3. If R.bpermne 0, R.bpermnal P, and D prices R.bpermno @(R.bpermno, d) then reset
R.bpermco= permco(R.bpermnd¥in case it isn’t already*and exit the procedure. Otherwise
proceed to Step 4.4.

4. Let Q= primno(R.bpermco, d). If @ 0and either R.bpermcé C orv(Q, d)<v(P, d)then reset
R.bpermno= Q and exit the procedure. Otherwise proceeddp 815.

5. If D prices P ow(P, d), then reset R.bpermad, reset R.bpermcoC, and exit the procedure.
Otherwise proceed to Step 4.6.

6. Let S be the record in D’s Delistings table wadrmno= P and enddt e. If R.bpermne
S.nwperm or R.bpermaed S.nwcomp, then reset R.bpermm&.nwperm, reset R.bpermso
S.nwcomp, and return to Step 4.3. Otherwise pote&Step 4.7.

7. If d belongs to a tracking period for some Pémehpermco(P3¥ C and D prices P' on(P', d), then
reset R.bpermns primno(C, d) and R.bpermeoC. Otherwise reset R.bpermadr.bpermcao=
0.

Step 5: For each record R in D’s Branches set R.brsmdR.bpermno, R.exdt).

The values in the field rsmval will be set later.

Proposition 13: For each record R in D’s Branches table:
1. R.exdt—-1 and R.rsmdt — 1 belong to a commaking period for R.permno.
2. Either R.exdt 99991231 or D prices R.bpermno on R.brsmdt.

Proof: Let R be any record in D’s Branches table ahé e R.permno and & R.exdt.

That R.exdt — & d — 1 belongs to some tracking period [s, e) f&g §uaranteed in Steps 1-2 in
the construction of D’s Branches table. Sincemdt=v(P, d) and & e, it follows from
Propositions 7.2 and 7.5 thak®R.rsmdt< e, which implies R.rsmdt —[1 [s, e), thus proving (1).

We will prove (2) by examining each of the exitmsifor the procedure in Step 4, which are
located in Steps 4.2, 4.3, 4.4, 4.5, and 4.7.tlk@one in 4.2, there is nothing to prove because
R.exdt is assumed to be 99991231.

For the other exits, note that by Step 5, R.brsmgR.bpermno, d). In order to exit at 4.3, it is
explicitly required that D price R.bpermno ofR.bpermno, d). For exits at 4.4, (2) is impligd b
the comment immediately following the definitiontbe primno mapping. In order to exit at 4.5,
D must price P om(P, d), but R.bpermno is reset to P, so (2) holdst.7, there are two possible
exits: for the first, (2) follows, once again, frahre comment immediately following the definition
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of the primno mapping. In the second, R.bpermrsgigo 0, which D prices on every market
date, including R.brsmdtv(0, R.exdt= R.exdt< 99991231.

Accumulation Periods

Fix any PO P. Let L be the set of P’s delisting dates, E #ieo$ P’s ending dates, and T the set of P’s
trailer periods. Leh, €, andt be defined according to Proposition 5.

An extended market date b is defined to Ibeaanch date for P if either
1. P=0and b=99991231 or
2. there exists a record R in D’s Branches tabth Ripermnae= P, R.rsmdt b, and R.bpermns P.

Note that since R.rsmétv(R.permno, R.exdt) for any record R in D’s Branctadde, it follows from
Proposition 7.11 that(P, b)= b for any branch date b for P.

Proposition 14: Every ending date for P is a branch date fof/Previously Propositoin 15.

Proof: The proposition is trivial if B 0 because 99991231 is its only ending date, sovas&~

0 and let e be any ending date for P. By Axiow®& may let S be the unique record in D’s
Delistings table with S.permnoP and S.distdt € () 0 L. Each case handled in the procedure
setting the value of S.enddt ensures the existehaeecord, R, in D’s Distributions table with
R.permno= P and R.exdt S.enddt e. Since e 1 belongs to a tracking period for P, Step 1 in
the construction of D’s Branches table ensuresahatord R' with R'.permnoP and R'.exdt e
appears in D’s Branches table. By Step 5 of tmsizaction of D’s Branches table, R'.rsndt
v(R'.permno, R'.exdty v(P, e)=e. To complete the proof we must prove that Rrbmoz P.

If e =99991231 then Step 4.2 of the construction ofB¥anches table implies R'.bperma® #
P, so assume<99991231. Since e is an ending date for P, D doeprice P ow(P, e)=e. But
by Proposition 13.2, D prices R.bpermno on R'.latsav(R'.bpermno, e). It follows that
R'.bpermnaz P.

Define the market interval [a, b) to be aecumulation periodfor P if
1. ais a branch date or starting date for P,
2. bis abranch date for P, and
3. (&, b) contains no branch dates or startingsdateP.

Note that since miiy{) is 0’s only starting date and 99991231 is 0'sydoteinch date, [mif(),
99991231F M is 0's only accumulation period.
Proposition 15: Distinct accumulation periods for P are disjoifiBreviously Propositoin 16
Suppose [a, b) and [a', b") are accumulation psriodP with nonempty intersection. Then by
Lemma 1, g= max(a, a') is a branch date or starting date foorRained in both [a, b) and [a', b’).

Since (a, b) contains no branch dates or startatgsdor P, we must have=ga. But (a’, b")
contains no branch dates or starting dates foo B=sa'. Hence & a'.
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Similarly, h=min(b, b) is a branch date for P contained irb{ay (a', b']. Since (a, b) contains
no branch dates for P,Zhb, and since (@', b’) contains no branch dateB foe= b'. Thus b=b'.

Proposition 16: If d belongs to some tracking period [s, e) fqmRich is always the case if D prices P
on d), then there exists an accumulation period)&r P (unique by Proposition 15) such that fh, b)
0 [s, e). //Previously Propositoin 17

Proof: Let F={d 0 M | d is a branch date or a starting date for P¥{ O F | x< d} and B=

{x OF | x>d}. Since 4] A and, by Proposition 14,[@ B, neither is empty, so letamax(A)

and b=min(B). Then a, il Fand £ a<d<b<e, implying di[a, b)I[s, e). Ifb=ethenbis

a branch date for P. Ifde then b belongs to [s, €), and thus is not érsgedate for P by

Corollary 9. Thus sinceld F, b must be a branch date for P. SinteR a is either a starting

date or a branch date for P. By constructionh)Y&ontains no elements of F, and thus contains no
branch dates or starting dates for P. Thus [& &) accumulation period for P.

The last two propositions imply that each trackiegiod for P is partitioned by accumulation perifals
P. The next proposition implies that every accwatiah period for P is a member of such a partition:

Proposition 17: Every accumulation period for P is contained wiith tracking period for P.
/[Previously Propositoin 18
Proof: Let [a, b) be an accumulation period for P. c8ib is a branch date for P, there exists a
record R in D’s Branches table with R.permmB, R.rsmdt b, and R.bpermns P. By
Proposition 13.1, b — 1 belongs to a tracking e[ e) for P. Thus by the last proposition, ¢her

exists an accumulation period [a', b") for P sinat b — 11 [a', b")[ [s, e).

Since b — 11 [a, b)n [a', b"), Proposition 15 implies that [a,®)a’, b"). Thus [a, b}l [s, e).

Accumulators

An ordered paio = (P, [a, b)) is amccumulator in D if PP and [a, b) is an accumulation period for P.
Let A be the set of all accumulators in D. Note thaiv({) [J A.

For eachn = (P, [a, b))J A, definea’s records in Branchesabbreviatedq, to be the set of all records

in D’s Branches table where permma® and rsmdil (a, b]. For any d M*, defineBq(d) ={R 0 By |
R.rsmdt= d}.

Proposition 18: Suppose = (P, [a, b))J A. If R By and R.bpermne& P then RO By(b).
/[Previously Propositoin 19

Proof: By the definition of B, R.rsmdtl] (a, b]. Since R.rsmdt is a branch date for P(an)
contains no branch dates for P, it follows thasRdt= b and thus that R By(b).
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Proposition 19: The collection {B}«0a partitions the set of records in D’'s BranchesdabPreviously
Propositoin 20

Proof: Given any record R in D’s Branches table, R.ismil belongs to a tracking period for
R.permno by Proposition 13.1, and thus to someraatation period [a, b) for R.permno by
Proposition 16. Thus R.rsmdt(a, b] andx = (R.permno, [a, b))J A, so RO B,. If R also
belongs to B wherea' = (P', [a', b")), then P R.permno= P and R.rsmdil [a, b)n [a", b"),
which by Proposition 15 implies that [a,®]a’, b"). Thust =o', which completes the proof.

We are now finally ready to define the concept fnwhich D’s Branches table takes its namex # (P,
[a, b)) andd’ = (P, [a', b)) are accumulators in D, we will sagta branches toa’, abbreviated ba -
o', if either

1. P=P'andb=a'or

2. P#P'and there exists a record RBy(b) with R.bpermna P' and R.brsmdil [a’, b").

Proposition 20: Suppos& = (P, [a, b))d A. If P# 0 then B(b) # O, and if b< 99991231 then for each
R [0 B«(b) there exists a unique = (P', [@', b"))J A such that P= R.bpermno and - a'. //Previously
Propositoin 21.

Proof: If P # 0 then since b is a branch date for P, by dedinithere exists at least one record, R,
in D’s Branches table with R.permrdP and R.rsmdt b, meaning R1 Bq(b) # [I.

Assume b< 99991231 and let R be any element gfiB. Let P'= R.bpermno. Since R.exdt
v(P, R.exdtE R.rsmdt= b < 99991231, Proposition 13.2 implies that D pricesrPR.brsmdt.

Assume P=P'. Then D prices P on R.brsnst(P', R.exdtF v(P, R.exdtF R.rsmdt= Db,

meaning b is not an ending date for P. Thereforeesh — 1 belongs to a tracking period for P by
Proposition 13.1, so does b. Proposition 16 tmies that b belongs to an accumulation period
[a', b") for P. Since b is a branch date for P @\d") contains no branch dates for P, we must
conclude that = a'. If we leta’ = (P, [b, b)) then it follows that — o'

Assume P£ P. Since D prices P' on R.brsmdt, R.brsmdt belaogn accumulation period [a’, b')
for P' by Proposition 16. If we let = (P', [a', b)) then it follows that - a'.

As for the uniqueness of, note that it - a" = (P", [a", b") where P= R.bpermno, then P~
P'. Since [a', b") and [a", b") either both comtai(if P= P') or both contain R.brsmdt (if P),
Proposition 15 implies [a', bj[a", b"), and thust' = a".

If S O A, then we will say thatt branches to S abbreviatedr - S, if {a'0A|a - a'} OS.

That is,a branches to S if all accumulators to whechranches are contained in S. Note that thecset {

OA |a - a'} could very well be empty (namely, whenever, amlly when, b= 99991231), in which
caseq trivially branches t@ny subset of4, even thouglu branches to no particular accumulator.
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Define 4o = {(0, M)}. For each r» 0, defineA, inductively byA,={a 0O A |a - A,_4. Observe that
Aj includes all accumulators that branch to no acdators in D, in addition to all those that branoh t
(0,M). Thatis, iffa 0.A|a; - a} =0 thenai O A;.

Proposition 21: A, O Ap+ for all n= 0. //Previously Propositoin 22.

Proof: First observe thato{ 0 A | (0,M) - a} ={(0, M)} O{(0, M)} = Ao, so (O,M) O A.
ThUS.Ao O .A]_.

Assume thagdy O Ag+1 for some k= 0 and fix anya' O Ag+1. Then by definitiong' - Ay,
meaning ft 0 A |a' —» a} O .Ax. But we are assumindy [J Axs, sofo DA |a' - a} O Axsg.

Thusa' - Ay, and hence’' O Ay, Sincea’ [J Ag+q was arbitrary, we have proved thét., [
Ax+2. The proposition now follows by induction.

This proposition implies th@gd3 ., is a monotonically increasing sequence of subdets dSinceA is
finite, the sequence cannot be strictly increasihigus there must exist some (infinitely many,aotj n
0 Z" such thatd, = Anpsa. Let N=min({n OZ" | An = Ane)).
The obvious question is, dogs= An? As it turns out, the answer is “yes” (Proposit&8). In order to
prove this important claim critical to defining abtreturns for accumulators, we need to take aediosk
at the branching relationship:
Define the mappings: A x A — M* as follows:

If a=(P,[a, b))« a= (P, [a, b)) then defing(a, a’) = 0.

If a=(P,[a, b))- a'=(P', [a', b)) and B P' then defind)(a, a') = b.

If a=(P,[a, b)- a' = (P, [a, b)) and B P’ then defind)(a, a') = max({R.exdt | RJ By,
R.bpermno= P' and R.brsmdi [a', b")}).

Note that the set to which the max function is egupin the case where#P' is nonempty according to
the definition ofa - a'. Also note that the set might contain more tbae record (such as when an
acquiring company distributes liquidation paymentthe form of a series of spin-off's during the
acquired stock’s trailer period)—since we mustmedi(a, a') to be something, we have arbitrarily set it
equal to the maximum value of exdt over such resord

Lemma 22: If a - a' - a" theny(a, a') <Y(a', a"). //Previously Lemma 23.

Proof: Suppose = (P, [a, b))a' = (P!, [a', b))a" = (P", [a", b"), anddx - o' - a". We will
prove the lemma case by case:

First assume B P'. Thenp(a,a’)=b=a'.

If P'=P" then ak b'=(a’, a"), and thus the conclusion follows.
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If P'# P" then fix any R0 By(b') such that R'.bpermroP", R'.brsmdtl [a", b") and
R'.exdt=(a', a"). Since a'is a branch date for P' we haveP', a'). For any x a',
Proposition 7.5 implies(P’, x)< a'. But since(P’, R'.exdtF R'.rsmdt=b'> a’, it follows
that R.exdt a'. Thus the conclusion follows.

Next assume B P'. Fix any R0 By(b) such that R.bpermroP’, R.brsmdt] [a', b") and R.exdt
Y(a, a). Theny(a, a’) = R.exdt< v(P', R.exdtr R.brsmdk b'.

If P'=P" theny(a’, a") = b’, and thus the conclusion follows.

If P'# P" then fix any Rl By(b') such that R'.bpermroP", R'.brsmdt] [a", b") and
R'.exdt=(a', a"). For any x= R'.exdt, Proposition 7.5 impliegP’, X)= v(P', R".exdtF
b'. But sinces(P', R.exdt= R.brsmdk b', it follows that R.exd& R'.exdt, from which the
conclusion follows.

Proposition 23: A = Ay. //Previously Propositoin 24.

Proof: Assume, to obtain a contradiction, that theristexsomeng 0 A\ Ay. Furthermore,
suppose we have found a finite sequercg J A (i1=0, 1, 2, ..., k) such that [0 Ay for all 0<
i<kandap - a; - --- - ak. This can certainly be done forkl, for otherwisex 0 A; 00 Ay,

contradicting our assumption.

SinceAyn = An+1, 0k O An+1. The latter non-containment implies that thenstexsomen.; [ Ay
such thabik — ak+1. Thus by induction there exists an infinite sewge{a;} [ A such that; O
An for alliandag - a; - az - ---. But by Lemma 22 it follows thai(ao, a1) < Q(ay, az) <
Y(ay, a3) < ---, which is impossible, becaub#* is finite. This contradiction implies thad\ Ay =
O, that is, thatd = Aj.

Propositions 22 and 24 imply thatl{, A:\ Ao, A2\Aq, ... , AN\AN-1} forms a partition ofA, a fact that
will be crucial to our definition of total returrms accumulators. But first we need a couple more

functions:

Split-Adjustment Factors

Fix any PO P. Define the mapping-: M - R as follows: Fix any dl M. Let U be the set of all
records in D’s Branches table with permrm®, exdt= d, divamt= 0, facpr# 0O, facpr# —1, and distca
5000. If U=0 then setgd)=0. Otherwise, set

s(d) = R.facp.

ROU
Next define the mapping-: M - R by

Se(d)= ‘lvﬂ_| 1+ 3(x).

for all d O M.
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Total Return Calculations: Accumulators

For each [0 A define the functionRety: M - R andLiqqs: M - {0, 1} and set the values in rsmval for
all records in B as follows:

Let N be the constant referred to in Proposition 23

For each dJ M with d> min(M), set Reb, m)(d) = prc(0, djprc(0, d — 1) and set Ligwy(d) = 1. Set
Reto, m(min(M)) = Lig, m(min(M)) = 1. Thus Ret M - R and Lig,: M - {0, 1} are defined for altx
0 Ao. The only record in Branches with permm6 has rsmdt 99991231, for which we set rsmval
prc(0, maxil)). Thus the values in rsmval are set for all rdsan B, for alla [ Ay

Assume, for some @k < N and alla U Ay -, that Ref: M - R and Lig;: M - {0, 1} are defined and
that rsmval has been set for all records §n Bince N= min({i = 0 | A; = Ai+1}), we haveAyx-1 # Ay,
which by Proposition 21 implied\ Ax-1 # 0.

Fix anya = (P, [a, b))J A\ Ak-1. Sincea [ A _1we are free to define RetM — R and Lig: M - {0,
1} without risk of contradiction. And by Propositi 19, we are free to set the values in rsmvaalior
records in B without risk of contradiction.

We will first set the values in rsmval for all reds in B,. To do so, let R be any record in D’s Branches
table with R.permne P and R.rsmdil (a, b]. Let P= R.bpermno.

We first calculate the total return on P, représéioy R+, from the time where the distribution’s
value, R.divamt, is defined (usually the close aXt) to the close of b:

If b =99991231 or & P', then set R=1.

Otherwise, B P' implies RO Bq(b) by Proposition 18, and thus since 89991231, we
may leta' = (P', [a', b")) be the unique accumulator corredpanto R by Proposition 20.
Sincea O Ak anda - a, it follows by definition thatr' O Ay — 1. Therefore by our
induction hypothesis, RetM - R is defined. We may therefore set

Ret (b) if R.disted O,
b
Rp = |_| Ret: (x) if R.distcé¢ 0 and R.brsmdb, and

X = R.brsmdt+ 1

1 otherwise.

With Rp defined, set the value of R.rsmval equal to
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R.facprlprc(P, R.rsmdt)  if R.disted 0G0, R.facpe - 1, R.facpt (

Se(R.exdt 1)DRP- andpbces P on R.rsmdt, and

Se(R.basdt)
R.divamt otherwise.

With the values in rsmval set for all records iy Befine Ret: Ml - R and Lig: M - {0, 1} as follows:
By Proposition 17, there exists a tracking per®de) for P containing [a, b), meaningli{s, €e].
If D prices P on b, then®e and thus bl (s, €). By Proposition 16, there exists an
accumulation period [d, c) for P such thadilljd, c). Since b is a branch date for P and (d,
) contains no branch dates for P, it follows thatb. Thus if we letio = (P, [b, ¢)) then
o — O, which impliesa [0 Ax_1. Let = prc(P, b).

Otherwise, if D does not price P on b, then arllyraet b = 0 and setip = (0, M)). In this
caseng 0 Ag O Ax_ 1.

In either caseqo [ Ak — 1, which by our induction hypothesis implies thatfzeM — R and
Liggo: M - {0, 1} are defined.

Let x be any market date M.
If x <athen set Rgtx) =1 and Lig(x) = 0.
If x = athen set Rgtx) =1 and Lig(x) = 1.
If x 00 (a, b) then x = [s, e), which implies prc(P, x — £)0.
If D prices P on x, then set Li¢x) = 1 and

pre(P, X+ > R.rsmva
Ret (x)= R 0 Ba(X) |
prc(P, x-1)

where the summation is zero i§®) is empty.
Otherwise, if D does not price P on x then set,®&gt 1 and Lig(x) = 0.

If X = b, then e x <99991231. Since U Ay, we must have B 0. Thus by Proposition
20, we may let R Ry, ... , R, be the distinct elements of@®) and let; be the unique
accumulator corresponding te t& whicha branches for £i<n. Letlet y=R.rsmval
forl<i<nandlet V=3p<i<nVi. (Recall thatipand  were defined above.) By our
induction hypothesis, RgtM - R and Lig,i: M - {0, 1} are defined for all & i < n.
Set Ligy(X) = Mo<i<n Ligai(X).

If x =b then b — I [s, e), so we may set Rét) = V/prc(P, b — 1).
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If x > b then set

Ret (x)=-

S| ] revo)|

1. any products in the numerator witk + 1 are defined to be 1,
2. any products in the denominator withk 2 < b + 1 are defined to be 1, and
3. if the denominator is zero, REt) is defined to be 1.

where

This defines Rgtx) and Ligy(x) for all x (1 M.

Sincea O Ak was arbitrary, Rgt M —» R and Lig,: M - {0, 1} are defined for altt [0 Ax. It follows by
induction, then, that RgtM - R and Lig,: M - {0, 1} are defined for altt (0 Ax and all 0< k< N. By
Proposition 23, we have thus defined R&f - R and Lig;: M - {0, 1} for all a O A, as we intended.
The Roots Table

A permno P P is defined to bactive on dif d belongs to a tracking period for P and D esid® onv(P,
d). Equivalently, P is active on d if and onlyibelongs to a tracking period for P but does edtiig to

a trailer period for P.

Create a new table in D called Roots with the feilig nine fields:

permno
permco

rttype (for “root type”)
rtcd (for “root code”)
rtexdt (for “root ex-date”)
rtdt (for “root date”)
rtperm (for “root permno”)
rtcomp (for “root permco”)
rtsize (for “root size”)

Add records to D’s Roots table according to thecpdure given in the following six steps:
Step 1: For each record, S, in D’s Branches table where

S.permnc> 0,

S.divamt> 0,

S.exdt< 99991231,

S.bpermce> 0, and

S.bpermcat permco(S.permno),

add records to D’s Roots table as follows: Let 8.bpermno and d S.exdt. Let U={P;, P,, ...P,} be
the set of all permno’s i® such that permco(P= S.bpermco and either
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1. Risactive ond or
2. D prices Pin (d, S.brsmdt]

for each iJ {1, 2,...n}. (Note that by Proposition 13.2, P itself gtiak as a member of U by (2).) For
each il {1, 2,...n}, add exactly one new record;, ® D’s Roots table, setting

Ri.permno= R
Ri.permco= S.bpermco

1 ifR =P,
R .ritype = _
2 otherwise

Ri.rtcd= S.distcd

Ri.rtexdt=d

Ri.rtdt=min({m O M | d<m and D prices;Rn m})
Ri.rtperm= S.permno

Ri.rtcomp= permco(S.permno)

Ri.rtsize= max({shrout(S.permno, d — I}5.divamt, 1})

Note that the set defining.Rdt is nonempty since eitheyiB active on d by (1), meaning D priceR
v(P, d)=d, or D prices Pon some ni] (d, S.brsmdt] by (2).

Step 2: For each (P, d)] P x M such that P is active on d — 1 and there eixidisagt one record, S, in
D’s Roots table where

S.permnc= P,
S.rtdt=d, and
S.ritypel {1, 2},

add exactly one new record, R, to D's Roots taating

R.permno= P

R.permco= permco(P)

R.ritype= 3

R.rtcd=0

R.rtexdt=d

R.rtdt=d

R.rtperm=P

R.rtcomp= permco(P)

R.rtsize= mcap(permco(P), d — 1)

Step 3: For each record, S, in D’s Branches table where
permco(S.permnay S.bpermco,
S.divamt> 0, and

S.brsmdt is a starting date for S.bpermno,

add records to D’s Roots table as follows: Let 8.bpermno and d S.exdt. Let U={P;, P,, ...P,} be
the set of all elements &f such that
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1. permco(P = S.bpermco and
2. PR has a starting date in [d, S.brsmdt]

for each iCJ {1, 2,...n}. (Note that U includes P itself.) For eadh {1, 2,...n}, add exactly one new
record, R to D’s Roots table, setting

Ri.permno= R
Ri.permco= S.bpermco

4 ifR =P,
R .ritype = .
5 otherwise

Ri.rtcd= S.distcd

Ri.rtexdt=d

Ri.rtdt=min({m OM | d< m and m is a starting date fq})P
Ri.rtperm= S.permno

Ri.rtcomp= S.bpermco

Ri.rtsize= max({shrout(S.permno, d — I}5.divamt, 1})

Note that condition (2) above ensures that thelsfing R.rtdt is nonempty.
Step 4: For each (P, g) P x M such that

1. sis a starting date for P,
2. {QUP|permco(QF permco(P) and Q is active on s —#A}, and
3. there exists no record, S, in D’s Roots tabkl Bipermna= P, S.rtdt= s, and S.rttypél {4, 5},

add exactly one new record, R, to D’s Roots tabliohows: Let A be the set defined in the second
condition above. Let Q be the element of A with Brgest market value on s — 1. Set

R.permno= P

R.permco= permco(P)

R.ritype= 6

R.rtcd=0

R.rtexdt=(Q,s—-1) + 1
R.rtidt=s

R.rtperm=Q

R.rtcomp= permco(P)

R.rtsize= mcap(permco(P), s — 1)

Step 5: For each (P, ) P x M such that s is a starting date for P and therg®rb record, S, in D’s
Roots table where

S.permnc= P,
S.rtdt=s, and
S.ritypell {1, 2, 3, 4, 5, 6},

add exactly one new record, R, to D’s Roots tad®éjng
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R.permno= P
R.permco= permco(P)
R.ritype=7

R.rtcd=0

R.rtexdt=s

R.rtdt=s

R.rtperm=10
R.rtcomp=0
R.rtsize=1

Step 6: For each (P, ) P x M such that s is a starting date for P, let (R, Ry, ... R} be the set of
all records in D’s Roots table where

1. R.permno=P,
2. R.tdt=s, and
3. Ru.rttypeO {4, 5}

foreach il {1, 2,... n}. IfU #0 then let

_ mcap(permco(P),s

Zn: Ri.rtsize

i=1

and, for each I {1, 2, ... n}, multiply the value in Rrtsize by c.

Root Dates

A market date d] M is defined to be eoot date for P P if there exists a record, R, in D’s Roots table
with R.permno= P, R.rtdt= d, and, if specified asraot date of type nfor P, R.rttype= n. In order to
assist in proving statements about root dates, werswize some basic properties of the Roots table,
most of which are plainly evident from the tabledmstruction procedure itself, in the following lemma

Lemma 24: Let R be any record in D's Roots tabl&reviously Lemma 25.
1. R.permca= permco(R.permno) and R.rtcomgpermco(rtperm).
2. If Rurttypel {1, 2, 4, 5}, then there exists a record, S, in Bianches table where
S.permnc= R.rtperm,
S.distco= R.rtcd,
S.exdt= R.rtexdt, and
S.bpermca= R.permco.
3. If R.rttypel {1, 2} then
0 < R.permca# R.rtcomp and
R.rtdt=min({m O M | R.rtexd m and D prices R.permno on m}).
4. If R.ritypell {4, 5} then
0 < R.permco= R.rtcomp and
R.rtdt=min({m O M | R.rtexd m and m is a starting date for R.permno}).
5. If R.rttype= 3 then
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N

0 < R.permno= R.rtperm,

R.rtexdt= R.rtdt,

R.permno is active on R.rtdt — 1, and

R.rtdt is a root date of type 1 or 2 for R.permno.
If R.ritypel {4, 5, 6, 7} then R.rtdt is a starting date fopBrmno.
If R.rttype= 6 then

0 < R.permco= R.rtcomp,

R.rtexdt= T(R.rtperm, R.rtdt — 1) + 1

R.rtperm is active on R.rtdt — 1, and

R.rtdt is not a root date of type 4 or 5 for R.pean
If R.rttype= 7 then

R.rtcomp=0,

R.rtexdt= R.rtdt, and

R.rtdt is not a root date of type 1, 2, 3, 4, 56 dor R.permno.
R.rtexd R.rtdt.

Proof: As noted above, most of these properties arenokvirom the construction of D’s Roots
table, and only a few require any deduction:

In (4), 0< R.permco is implied by the fact that the recoid Step 3 of the construction must
satisfy the condition that S.brsmdt be a startiagg dor S.bpermno. For by Proposition 13.1,
S.exdt — 1 belongs to a tracking period for S.peraamd is thus a memberf. Thus S.brsmdt
v(S.bpermno, S.exdp S.exdt> S.exdt- 1> min(M). Since minifl) is 0’s only starting date and
S.brsmdt, a starting date for S.bpermno, is grehager min\), it follows that S.bpermna 0, and
therefore that R.permcoS.bpermce 0.

In (5), 0< R.permno follows from the fact that R.rtdt is atrdate of type 1 or 2 for R.permno
because the latter implies, as we just proved,Rha¢rmnoz 0.

In (7), 0< R.permco follows from (6), the fact that R.rtdl 0 M (implying R.rtdt> min(M)),
and the fact that mitY) is O’s only starting date in D.

(9) follows from (3), (4), (7) and (8).

Proposition 25: //Previously Propositoin 26.

1.
2.
3.

If d is a starting date for P then d is a raatedor P.
If d is a root date for P then D prices P on d.
min(M) is O’s only root date.

Proof: (1) is guaranteed by Step 5 in the construatio’s Roots table. (2) follows from
Lemma 24.3-6. (3) follows from Lemma 24.3-5 and725.

Evaluation Periods

Define the market interval [a, b) to be @raluation period for P if

1.
2.

a is a root date for P,
b is a root date or an ending date for P, and
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3. (a, b) contains no root dates or ending dateP fo

Note that since mify() is O’s only root date and 99991231 is 0's onlgiag dateM = [min(M),
99991231) is 0’s only evaluation period.

Proposition 26: Distinct evaluation periods for P are disjoiffPreviously Propositoin 27.

Proof: See the proofs of Propositions 10 and 16, whielsamnilar.

Proposition 27: If d belongs to a tracking period [s, e) for P igthis always the case if D prices P on
d), then there exists a unique evaluation periot)&r P such that d [a, b)[I [s, e). //Previously
Propositoin 28.

Proof: Let F={x O M | x is a root date or an ending date for Pk & 0O F | x< d} and B= {x

O F | x>d}. Clearly €] B, and since starting dates for P are root dateB fs[] A. Thus neither

A nor B is empty, so letamax(A) and b= min(B). Then a, i1 F and < a< d < b< e, implying
dO[a, b)O[s, e). By the definition of a tracking period, g) contains no ending dates for P, and
thus in particular, a is not an ending date folBat al] F, so a must be a root date for P. Since b
O F, b is either a root date or an ending date foFiRally, by construction, (a, b) contains no
elements of F, and thus no root dates or endirgsdat P. Thus [a, b) is an evaluation period for
P. The uniqueness of [a, b) follows from Propori@6.

The last two propositions imply that each trackiegiqd for P is partitioned by evaluation periodsfo
The next proposition implies that every evaluapeniod for P is a member of such a partition:

Proposition 28: Every evaluation period for P is contained imaaking period for P//Previously
Propositoin 29.

Proof: Let [a, b) be an evaluation period for P. Bg tlefinition of a root date for P, D prices P
on a, and thus by Proposition 11, a belongs tacking period [s, €) for P. Thus by the last
proposition, there exists an evaluation periodda'for P such that @ [a', b")[ [s, €). Since &
[a, b)n [a', b"), Proposition 24 implies that [a,®)a’, b"). Thus [a, b)Y [s, e).

Evaluators

An ordered paie = (P, [a, b)) is defined to be awvaluator in D if P[0 P and [a, b) is an evaluation
period for P. Lef be the set of all evaluators in D. Note thaf\0),[] £.

If €= (P, [a, b)) and' = (P, [a', b)) are evaluators in D withranin(M), we will say that is rooted in
€', abbreviated bg' - ¢, if there exists a record, R, in D’s Roots table rgle.permna= P, R.rtperme
P', R.rtdt= a, and either

1. Ru.rttype# 3 and R.rtexdt — I [a', b") or
2. R.rttype= 3 and b= a.
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Note that the abbreviation used here is identicéhab used for the branching relationship. We reily
on context for distinguishing between branch aral relationships.

Proposition 29: Suppose = (P, [a, b))d £ with a> min(M). For each record R in D’s Roots table with
R.permno= P and R.rtdt a (of which there is at least one because a istadaie for P), there exists a
unique evaluatog' = (P', [a@', b")) such that R.rtpermP' ande' - €. //Previously Propositoin 30.

Proof: Fix such a record, R, in D’s Roots table andPlet R.rtperm and & R.rtexdt.

If R.ritype [ {1, 2, 4, 5} then by Lemma 24.2, Proposition 1&f¢d Proposition 27, it follows that
d — 1 belongs to a unique evaluation period [afdo'P". If we lete' = (P, [a', b)) ther' - €, as
intended.

If R.ritype= 3 then by Lemma 24.5, 'P and &= d. Also by Lemma 24.5, P is active ona—1
and thus a — 1 belongs to a tracking period fof Rus by Proposition 27, a — 1 belongs to an
evaluation period [a', b") for P, which implie§lga’, b]. Since (a', b") contains no root dates,
we must conclude ab'. If we lete' = (P, [a', b)) ther' - €, as intended.

If R.rttype= 6 then by Lemma 24.6, P'is active ona—1 andiP’,a— 1)+ 1. Thusa-1
belongs to a tracking period [s, e) for P', andPbgposition 2.5, s (P',a— 1 d - 1. By
Proposition 2.2, d - (P, a— 1xa—-1<e. Henced - [s, e), so by Proposition 27, d — 1
belongs to an evaluation period [a', b") for Pwé lete' = (P, [a', b)) ther' - ¢, as intended.

If R.rttype= 7, then Lemma 24.8 implies#0 and d=a. Since & min(M), a — 100 M. If we let
€' = (0,M) thene' — g, as intended.

To prove unigueness, suppase= (P", [a", b)) &, R.rtperm= P" ande" - €. Then P'=
R.rtperm=P'. If R.rttype= 3, then by definition, b* a=b", meaning both [a’, b") and [a", b")
contain a — 1. If R.rttyp# 3, then by definition, both [a’, b") and [a", lsYntain R.rtexdt. In both
cases, Proposition 27 implies [a', b]a", b"). Thus'=¢".

If S O &, then we will say that is rooted in § abbreviate® - €, if{e 0 |¢ - € OS.
That is,e is rooted in S if all evaluators in whighis rooted are contained in S. Note that the et £ |
€' - €} could very well be empty (namely, whenever, andyamhen, a&= min(M)), in which case is
trivially rooted inany subset of, even thougts is rooted in no particular evaluator.
Define& = {(0, M)}. For each n > 0, defin&, inductively by&, ={e 0 £|&,-1 - €}. Observe that;
includes all evaluators rooted in no evaluator®,iin addition to all those rooted in ®). That is, if
O&|e - €} =0 thene' O &
Proposition 30: &, O &y for all n= 0. //Previously Propositoin 31.
Proof: First observe thate{] £ |€ — (0,M)} =0 0O {(0, M)} =&, so (OM) O &. Thuséy [
&
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Assume thaty 0 &1 for some k= 0 and fix anye' O &1. Then by definitionéy — €', meaning
{ed&|e - €} 0&. Butwe are assumintg [ &1, SOE T E | € - €F O &1, ThusEsr— €,
and hence' [J &q+p. Sincee' [ E+1 was arbitrary, we have proved tidat; O Exo. The
proposition now follows by induction.

This proposition implies th@fs ;_,is a monotonically increasing sequence of subdefs &incef is
finite, the sequence cannot be strictly increasihigus there must exist some (infinitely many,antj n
O Z" such that, = . Let M=min({n OZ" | &y = Enea)).

Lemma 31: If e = (P, [a, b)) and' = (P, [a', b)) are evaluators in D wih- g, then ax a. //Previously
Lemma 32.

Proof: Let R be arecord in D’s Roots table satisfying tonditions defining the relationstap
- €. If R.rttype= 3 then &= b'> a'. If R.ritype# 3 then R.rtexdt — 1] [a', b'), implying ak
R.rtexdt. By the definition of' — € we have R.rtdt a. Thus by Lemma 24.9 we havea’
R.rtexdt< R.rtdt= a.

Proposition 32: £= &u. //Previously Propositoin 33.

Proof: Assume, to obtain a contradiction, that therstexsome, [J &\éq. Furthermore, suppose
we have found a finite sequenag}{J £ (i=0, 1, 2, ..., k) such that [ &y for all 0< i < k andeg
- &.1 —» -+ — & . T'his can certainly be done for=kl, for otherwise if § 0 £ |€' - g} =0 O
Eothengy O & O Eu, contradicting our assumption.

Sinceéy = &+, & U Em+1. The latter non-containment implies that thenstexsomeey.1 [ Eu
such thakw1 — &. Thus by induction there exists an infinite sewede;} U £ such thag; O Eu
foralliand--- - & — € — €. Lemma 31 then yields a corresponding infinitacty
decreasing sequence of root dateBfliinwhich is impossible, sinddl is finite. This contradiction
implies thatt\éy = U, that is, that = &u.

Total Return Calculations: Evaluators

In this section we will define total return functioios evaluators. We will use the same notation dsed
accumulator total returns, relying on context ftidguishing between the two cases.

For eacle [ £ define the functiolRet;: M - R as follows:
Let M be the constant referred to in Proposition 32

For each d1 M where d > miri{l), set Rep ,,(d) = |prc(0, d)|/[prc(0, d — 1), and set Rgi(min(M)) =
1. Thus Ret M — R is defined for alk [I &.

Assume, for some 0 <€iM and alle [J &,_ 3, that Ret M — R is defined. Since M min({i 20 |& =
&i+1}), we have&,.1 # &, which by Proposition 30 implie&\&y.1 £ .
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Fix anye = (P, [a, b))J &\én1. Sincee O &, - 1we are free to define ReM - R without risk of
contradiction, so fix any kI M.

If x O (b, 99991231) then define Red = 1.

If x O (a, b] then by Proposition 28,1 belongs to a tracking period for P, and thus by
Proposition 16, x 1 belongs to a unique (but dependent upon x) aatation period [c, d) for P.
If we leta = (P, [c, d)), thert O A, so we may define R¢x) = Ret(x).

If x O (min(M), a], then since a is a root date for P, the Segaprds in D’s Roots table with
permno= P and rtdt a is nonempty by Proposition 25, so lgt R, ..., R, be its distinct
elements. Sinceamin(M), for each i {1, 2, ... n} we may let; be the unique evaluator in D
corresponding to Py Proposition 29. The relationshdp— € implies that; [ &,.1 for each i
{1, 2, ... n} because U &,. Thus by our induction hypothesis, Ré¥l - R is defined for each i
{1, 2, ... n}, so we may define

Rek (x) =

Zn:{Ri.rtsize+ (Riﬁxm Rei (dﬂ
Zn:{Ri.rtsize+ (Riﬁxm Rei (dﬂ

i=1
where

1. any product in the numerator withrexdt< x + 1 is defined to be 1 and
2. any product in the denominator withrkexdt< x is defined to be 1.

Finally, if x = min(M) then define Refx) = 1.

Thus Ret M - R is defined for the chosen] &£\&y.1, and thus for alt O £\&y.1. By Proposition 32
and induction, RetM - R is therefore defined for adl[] &.
Suspension and Resumption Dates
Fix any PO P.
Define d0 M to be asuspension datdor P if

1. DpricesPond-1and

2. D does not price P on d.
Define dJ M to be aresumption datefor P if

1. dis not a starting date for P,

2. D prices P ond, and
3. D does not price Pond - 1.

Characterization Periods
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Fix any PO P.

Define dJ M* to be acritical date for P if d is either a branch date, root datepsusion date, or
resumption date for P. Note that by Propositionel4ry ending date for P is a branch date ford® an
thus a critical date for P, and by Proposition 2B\Eery starting date for P is a root date for & s a
critical date for P.

Define the market interval [g, h) to belaracterization period for P if
1. D pricesPong,
2. gand h are critical dates for P, and
3. (g, h) contains no critical dates for P.

Proposition 33: Distinct characterization periods for P are digjoi/Previously Propositoin 34.

Proof: See the proofs of Propositions 10 and 16, whielsamilar.

Proposition 34: A market date d belongs to a characterizatioroddor P if and only if D prices P on d.
/[Previously Propositoin 35.

Proof: Assume D prices P ond. Let=@x [J (0, d] | x is a critical date for P} and letHx [

(d, 99991231] | x is a critical date for P). Bypwsition 16, there exists an accumulation period
[a, b) for P containing d. Since a is either anbhadate or a starting date for P, a is a criticaé
for P, implying a] G. Likewise, since b is a branch date for P, bastecal date for P, implying

b [0 H. Since both G and H are nonempty and finite, we dediype g= max(G) and = min(H).

It follows by definition that d1 [g, h) [ [a, b), that g and h are critical dates for P, @vad (g, h)=
(g, d]O (d, h) contains no critical dates for P.

Since D prices P on d, the setss{x | D prices P on y for all {1 [x, d]} and V={x + 1 | D prices
P ony for all yI [d, X]} are nonempty and finite, so we may define min(U) and v= max(V).

By definition, D prices P on u but not on-u. (which may be 0), meaning u is either a starting
date or a resumption date for P. Thus u is acatitlate for P. Sincexd and (g, d] contains no
critical dates for P, it follows that<ig, and thus that D prices P on y for allljg, d] O [u, d].

Likewise, D prices P on ¥ 1 but not on v. If = 99991231, then if follows that D prices P on y
forallyd[d, h). Ifv<99991231, then v is a suspension date, and thrsaal date for P. Since
d<v and (d, h) contains no critical dates for Roliows that h< v, and thus that D prices P on y
forall y O [d, h).

Thus D prices P on y for alliy [g, h), and in particular, D prices P on g, maKimgh) a
characterization period for P.

Conversely, assume [g, h) is a characterizatiorogerThen by definition, D prices P on g. The
proof thus far implies that g (playing the roleddfbelongs to a characterization period [g', IY') fo
P such that D prices P on y for allly{g’, h'). Since d@1[g, h)n [g', h"), Proposition 33 implies
[0, h)=[g', h"). Thus D prices P ony for ally[g, h), which completes the proof.
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Proposition 35: Every characterization period for P is containedinita unique accumulation period for
P and a unique evaluation period for/RRreviously Propositoin 36.

Proof: Let [g, h) be a characterization period for$tnce D prices P on g, by Proposition 16
there exists a unique accumulation period [a, bPfsuch that gl [a, b). Likewise, by
Proposition 27 there exists a unique evaluatioropdc, d) for P such that(g [c, d). Since
min(b, d) is a critical date for P and (g, h) camseno critical dates for P, it follows thakhmin(b,
d). Thus [g, h)1[a, b) and [g, h)J [c, d).

Total Return Calculations: Investments
An ordered pair = (P, [g, h)) is defined to be amvestmentin D if P [0 P and [g, h) is a characterization
period for P. The market date g (on whiatpens for purchase) is defined toilseopening dateand the
market date h (on whiahcloses to purchase) is defined talseclosing date LetZ be the set of all
investments in D. Note that (B]) O Z.
For each = (P, [g, h))O Z define the functionRet: M - R andLiq,: M - {0, 1} as follows:

Define Ref(min(M)) = 1.

By Proposition 35, there exists a unique accunaigberiod [a, b) for P and a unique evaluation

period [c, d) for P such that [g, A)[a, b)n [c, d). If we leta = (P, [a, b)) and = (P, [c, d)), then
a O A ande O & We may therefore define, for eachlmin(M), maxM)],

Ret (x) ifx< g,
Ret () ifx> gandLig x B Lig (8 1,
Ret (x)=1 —Retr (X) ifx> g,Lg (* 13 1,and Lg)(=0,
-Ret (X) if x> g,Liq (¢ 1¥0 , and Lix) =1, and
1 ifx> gandldag x ¥ Lliag (0.

and

Liga(x) ifx = ganc

Liqu(x) =
0 ifx< g.
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